In this paper we prove the existence of a global -attractor in the weak topology of the natural phase space for the family of multi-valued processes generated by solutions of a nonautonomous modified 3D Bénard system in unbounded domains for which Poincaré inequality takes place. 
Introduction
It is well-known that in many hydrodynamical models (in particular, in the three-dimensional Navier-Stokes and Bénard systems) there are no results about uniqueness of solutions of the Cauchy problem in the class of globally defined solutions [5] [6] [7] 22] . As a rule, in the two-dimensional case the Cauchy problem is correct and the existence of global attractor was proved in [13, 22] . In the non-uniqueness case there are some approaches which allow to investigate the qualitative behavior of global solutions. The multi-valued semigroup approach was proposed in [1, 12] and the trajectory attractor approach was proposed in [4, 17] . Some generalizations of the theory of global attractors of multi-valued semigroups, in particular, for the non-autonomous case, with applications to 3D hydrodynamical systems were obtained in [8, 10, 11, 23] . In the paper [3] the authors introduce the globally modified Navier-Stokes system and prove for it the existence of global attractor on strong solutions. In [15] the uniqueness problem of weak solutions was solved. In our paper we use the notion of global -attractor [9, 20] to investigate the qualitative behavior of solutions of the non-autonomous modified three-dimensional Bénard problem on unbounded domains, which consists of the globally modified 3D Navier-Stokes equations coupled with a parabolic equation. Non-autonomous external forces are assumed to be translation-compact [4] in the corresponding spaces. The existence of global attractors for the 2D Navier-Stokes system and for the 2D Bénard problem on unbounded channel-like domain (that is, the Poincaré inequality holds) was obtained in [2, 16] . The existence of global attractors in the weak topology for the 3D Bénard system in bounded domains was proved in [9] . In the case of unbounded domains new difficulties, connected with the lack of theorems of compact imbedding and the absence of good a priori estimates, appear. We prove the global weak resolvability of the non-autonomous 3D modified Bénard problem on channel-like domains and for a specially constructed family of m-processes prove the existence of a global -attractor in the weak topology of the natural phase space.
Let Ω ⊂ R 3 be an arbitrary (bounded or unbounded) domain with the assumption that the Poincaré inequality holds on it, i.e. there exists λ 1 > 0 such that
Let us introduce the standard functional spaces
with norms | · |, || · || and scalar products (· ·), ((· ·)) (the same notation for norms and scalar products will be used in L 2 (Ω) H 1 0 (Ω)). We consider in a region Ω the following system for the velocity = ( ), the temperature ω( ) and the pressure = ( ) of an incompressible viscous fluid:
where ν > 0, ξ ∈ R 3 are constants, :
and for all ∈ V η ∈ H 1 0 (Ω) in the sense of scalar distributions on (τ T ) we have the equalities
The aim of the paper is to prove the existence of global solutions of (1), (2) and, using them to construct a family of m-processes having in the space X = H × L 2 (Ω) a minimal set which attracts all trajectories of the m-processes, i.e. a global -attractor. Let X be the space H × L 2 (Ω) with norm || · || H×L 2 , X = H × L 2 (Ω) be the space X with the weak topology, P(X ) be the set of all nonempty subsets of X , and let Σ be some compact metric space, whereas {T ( ) : Σ → Σ} ≥0 is the shift semigroup. For every σ ∈ Σ, τ ∈ R let K τ σ be a set of mappings : [τ +∞) → X such that
It is easy to verify that the family of mappings {U σ } σ ∈Σ , defined by (5), is a family of m-processes [8] , that is
and, moreover,
Definition 1.
The set A Σ ⊂ X is called a global -attractor of the family of m-processes {U σ } σ ∈Σ in the weak topology of X , if:
Lemma 2.
Let the following conditions hold: 
Proof. Let us prove that the set
where
, satisfies Definition 1. From A1) and the metrizability of the weak topology in a ball
and the lemma is proved.
Remark 3.
If, additionally, every sequence { ( )} is precompact in the strong topology of X and condition A2) holds in the strong topology of X , then the set A Σ will be global -attractor in strong topology of X .
For external forces ( ) ( ) let us assume that
(Ω)) and the following translation-compact conditions hold:
Theorem 4.
Let satisfy (7) . Then for every τ ∈ R, τ = { τ ω τ } ∈ H × L 2 (Ω) there exists at least one solution = { ω} of the problem (1), (2) with (τ) = τ , and
(Ω) be systems of independent elements, total in V and H 1 0 (Ω) respectively. We define the approximate solutions = { ω } in the following way [21] :
( ) , where the functions { ( )} { ( )} are defined by the system of ordinary differential equations
and the initial conditions
) is continuous, from Peano's theorem the Cauchy problem (8) has a solution on
[τ ]. Let us deduce some a priori estimates. Using equalities N ( ) = 0 ( ω ω) = 0 ∀ ∈ V ∀ω ∈ H 1 0 (Ω), from (8) we have:
From (7), (9), (10) and Poincaré inequality for ≥ ≥ τ we obtain:
From (11)- (14) we deduce that = { ω } is defined by the system (8) (Ω), generated by the forms
So for = − νA
The right-hand side of (17) due to (11)- (14) is bounded uniformly on , so in a similar way to the work [22] 
where ( Estimates (11)- (14) guarantee the existence of = { ω} ∈ W T τ such that up to a subsequence
Estimate (18) allows to use the Compactness Theorem [22] and claim that for arbitrary subdomain
Then the compactness of supports of functions allow us (in the same way as in [3] ) to pass to the limit in (8) and obtain that is a solution of (1), (2) (Ω)), so ∈ C ([τ T ]; X ). The theorem is proved.
We note that the statement of the theorem remains true if we consider the problem (1), (2) with external forces ( σ σ ) ∈ Σ. For every σ = ( σ σ ) ∈ Σ let us denote by K σ τ the set of solutions = { ω } of the system (8) with functions
According to Theorem 4 every ∈ K τ σ is a solution of (1), (2) with the corresponding functions σ σ .
Let us put
Theorem 5.
Formula (22) defines a family of m-processes, which has in the space X = H × L 2 (Ω) the global −attractor A Σ , which is bounded in H × L 2 (Ω). If Ω is bounded, then the set A Σ is a global −attractor of the family (22) in the strong topology of H × L 2 (Ω).
Proof. We will check the conditions K1)-K3). Due to Theorem 4 for arbitrary σ = ( σ σ ) ∈ Σ, τ ∈ R, τ ∈ H×L 2
(Ω) there exists ∈ K τ σ such that (τ) = τ . For K2),K3) let us prove that ( ) → ( ) in X ∀ ≥ τ, where is solution of (8) . Indeed, from (21) 
From (8) for fixed ≥ 1 and for sufficiently large
where the functions σ , σ are defined in the proof of previous theorem. The boundness of
(Ω)) implies the inequality: 
H) and for a.a. > τ the following equality holds:
So the functions { ω} satisfy estimates (11), (12) ∀ ≥ ≥ τ. For the function ω there exists ω ∈ K σ τ such that ω satisfy (13), (14) , ω → ω in the sense of (19)- (21) and
Passing to the weak limit in (14), we have:
From (12) and (27) we deduce that the sequence
From estimates (11) , (12), (26), (27) (Ω)) and for arbitrary ∈ V η ∈ H 1 0 (Ω) analogous to (25) we have:
From (28), (29) for = ( + ) − ( ) η = ω ( + ) − ω ( ) for a.a. we obtain:
, and using the boundedness of { } in L 2 (τ T ; V × H 1 0 (Ω)), we deduce:
. Thus there exists a function ∈ W T τ such that up to a subsequence → in the sense of (19)- (21) . Moreover, from (28), (29) and inclusion ∈ C ([τ T ]; X ) we deduce that ( ) → ( ) in X ∀ ≥ τ, in particular, (τ) = ξ.
From the previous arguments there exists
In the set B R the weak topology can be described by the metric ρ R in the set
|| ( )|| H×L 2 ≤ R}, the *-weak topology can be described by the metric ρ T . Then
, by a diagonal procedure we can take a subsequence ∈ K σ τ such that ∀ T > τ → in the sense of (19), (τ) → (τ) in X , so ∈ K τ σ . As ( ) → ( ) ∀ ≥ τ in X , so condition A2) holds and the first part of theorem is proved.
To prove the second part of theorem we need to check that ∀ = { ω} ∈ K τ σ , (τ) = τ the sequence { ( )} is precompact in H × L 2 (Ω) and up to subsequence ∀ ≥ τ
(Ω). For this purpose we fix the component ω in problem (1) . From a result of [15] for a fixed initial data τ this problem has no more than one solution and from [3] ∀ T > ε > τ ∈ C ([ε T ]; V ). For a fixed component and the initial data ω τ the problem (2) also has unique solution and from inclusion ∈ C ([ε T ]; V ) and (16) we deduce that ω ∈ L 2 (ε T ; H −1
(Ω)). So ω ∈ C ([ε T ]; L 2 (Ω)) and using the strong convergence of ∈ K σ τ to in L 2 (τ T ; H × L 2 (Ω)) (because Ω is bounded) we obtain for = { ω} the estimates (11) Therefore lim inf ||˜ (1)|| ≤ ||˜ (1)|| and from the weak convergence we deduce˜ (1) →˜ (1) in H × L 2 (Ω), so { ( )} is precompact in H × L 2 (Ω). Using this fact we can repeat the previous arguments for the functions ( ) = ( + ) and obtain that ∀ ≥ τ ( ) →¯ ( ) in H × L 2 (Ω). The theorem is proved.
